The influence of the Hall effect on the linear marginal stability of a molecular hydrodynamic Taylor-Couette flow in the presence of an axial uniform magnetic field is considered. The Hall effect leads to the situation that the Taylor-Couette flow becomes unstable for any ratio of the angular velocities of the inner and outer cylinders. The instability, however, does not exist for both signs of the axial magnetic field B 0 . For positive shear d⍀/dR the Hall instability exists for negative Hartmann number and for negative shear d⍀/dR the Hall instability exists for positive Hartmann number. For negative shear, of course, the Hall instability combines with the magnetorotational instability, resulting in a rather complex bifurcation diagram. In this case the critical magnetic Reynolds numbers with Hall effect are much lower than without Hall effect. In order to verify the presented shear-Hall instability at the laboratory with experiments using liquid metals, one would need rather large magnetic fields (ϳ10 7 G).
I. INTRODUCTION
The Taylor-Couette flow between concentric rotating cylinders ͑Fig. 1͒ is a classical problem of hydrodynamic and hydromagnetic stability ͓1,2͔. Viscosity included and in the absence of any tangential pressure gradient the most general form of the angular velocity ⍀ of the flow is
where a and b are two constants related to the angular velocities ⍀ in and ⍀ out with which the inner and outer cylinders are rotating. With R in and R out (R out ϾR in ) being the radii of the two cylinders one finds where ϭ⍀ out /⍀ in and ϭR in /R out .
͑3͒
According to the Rayleigh criterion the ideal flow is stable whenever the specific angular momentum increases outwards d(R 2 ⍀) 2 /dRϾ0 or
The viscosity, however, has a stabilizing effect so that a flow with Ͻ 2 becomes unstable if the Reynolds number of the inner rotation exceeds some critical value.
If it is not too strong, the magnetic field can play a destabilizing role and can lead to magnetorotational instability ͑MRI͒. This MRI was discovered decades ago for TaylorCouette flow ͓3,4͔, but its importance as the source of turbulence in accretion disks with differential ͑Keplerian͒ rotation was only recognized by Balbus and Hawley ͓5͔. In the molecular hydrodynamic ͑MHD͒ regime the Rayleigh criterion for stability, Eq. ͑4͒, changes to Ͼ1 ͑5͒
for a weak magnetic field. The hydrodynamic Taylor 2 Ͻ Ͻ1) ͓7,8͔, so that it is the magnetic Reynolds number which directs the instability. Pm is really very small for laboratory conditions (10 Ϫ5 and smaller͒. This is the main reason why the MRI has never been observed experimentally in the laboratory.
The importance of the MRI for accretion disk physics and for planned new experiments ͓6,10,11͔ highly stimulated the theoretical investigation of the stability of the Taylor-Couette flow ͓6-12͔.
Here we are discussing the marginal stability of a fluid with Hall effect. The influence of the Hall effect on MRI was first discussed by Wardle ͓13͔ and later by Balbus and Terquem ͓14͔ and Sano and Stone ͓15,16͔ in relation to accretion physics. We mainly shall consider only axisymmetric disturbances but in relation to the Cowling theorem of dynamo theory also the nonaxisymmetric modes with mϭ1 are concerned.
II. BASIC EQUATIONS
R, , and z are the cylindric coordinates. A viscous electrically conducting incompressible fluid between two rotating infinite cylinders in the presence of a uniform axial magnetic field admits the basic solution U R ϭU z ϭB R ϭB ϭ0 and
where U is the velocity, B is the magnetic field, and a and b are given by Eqs. ͑2͒. We are interested in the stability of this solution. The perturbed state of the flow is described by
͑8͒
The linear stability problem is considered in full generality with nonaxisymmetric perturbations. By developing the disturbances into normal modes, the solutions of the linearized MHD equations are considered in the form
The Let dϭR out ϪR in be the gap between the cylinders. We use
as the unit of length, the velocity /H as the unit of the perturbed velocity, /H 2 as the unit of frequencies, B 0 as the unit of the magnetic field fluctuations, H Ϫ1 as the unit of the wave number, and ⍀ in as the unit of the ⍀. The dimensionless numbers of the problem are the magnetic Prandtl number
where is the kinematic viscosity, Ha is the Hartmann number, and Re is the Reynolds number of the inner rotation:
where is the density. We only consider marginal stability and stationary modes, i.e., ϭ0. Using the same symbols for normalized quantities as before, the equations can be written as a system of ten equations of first order, i.e.,
Introducing dimensionless quantities the latter can also be written as
Ha, ͑27͒
The definitions of X 2 , X 3 , and X 4 follow from Eqs. ͑17͒, ͑18͒, and ͑23͒ and the X 1 is given by
with P as the pressure fluctuation. An appropriate set of ten boundary conditions is needed to solve the system ͑16͒-͑25͒. It is easy to see that the Hall effect leaves the boundary conditions used in ͓8͔ as unchanged, i.e., the no-slip conditions for the velocity,
and for the magnetic field,
for conducting walls. The boundary conditions are valid for RϭR in and for RϭR out . For insulating walls the magnetic boundary conditions are different at RϭR in and RϭR out , i.e.,
for RϭR in and
for RϭR out where I n and K n are the modified Bessel functions. With
the condition for the toroidal field is the same at both locations.
III. RESULTS
The numerical method is already described in our papers ͓7͔ and ͓8͔. Here only the results including the Hall effect are presented.
A. Positive shear
In the present section an instability is described which exists only in the presence of the Hall effect. It destabilizes flows with Ͼ1 ͑i.e., with positive shear d⍀/dR) for which so far no other instability is known. Figures 2-4 illustrate the instability for both conducting and nonconducting boundary conditions for a container with a wide gap ( ϭ0.5). The flow is unstable but only for negative Hartmann number, i.e., if angular velocity and magnetic field have opposite directions. The result depends on the sign of the Hall resistiv-ity; here the positive Hall resistivity is used. For negative Hall resistivity the orientation is opposite. The fact that Hall effect destabilizes flows with the angular velocity increasing outwards was already described by Balbus and Terquem ͓14͔.
For small Hartmann number the ␤ Ϫ1 behavior of Eq. ͑30͒ is confirmed and for strong magnetic fields the instability is suppressed. The minimum value of the Reynolds number already results for Hartmann number of order unity; it becomes smaller and smaller for increasing shear ͓see the estimate ͑30͔͒. Figure 4 demonstrates the validity of the relation Reϰ1/Pm which is also indicated by the relation ͑30͒. Again the Reynolds number takes its minima at such Hartmann numbers that the Lundquist number Ha*ϭHaͱPm is constant.
Figures 2 and 3 demonstrate that the influence of the boundary conditions is not negligible what is quite characteristic for the magnetic Taylor-Couette problem ͑even in the small-gap approximation͒ as shown already by Niblett ͓19͔ and later by Rüdiger et al. ͓8͔ . In particular, for vacuum boundary conditions the suppression of the instability by strong magnetic fields is a rather weak effect compared with the magnetic suppression in a container with perfectconducting cylinder walls. Once the Reynolds number exceeds the minimum value given in the Fig. 3 , then the Taylor-Couette flow is unstable for a very wide range of Hartmann numbers.
According to Eq. ͑2͒, the rotation law does not depend on the inner angular velocity ⍀ in for ӷ1 and the situation is practically the same as if the inner cylinder were at rest. In this case, the Reynolds number of the outer rotation, Re out , is the real parameter of the problem instead of Re:
We have indeed numerically confirmed a behavior such as Re ϰ1/ for large . The value of Re out corresponding to minimal Re ͑which is for Hartmann number of order unity͒ is
ReӍ20. ͑37͒
In Fig. 5 the critical wave numbers are given for which the Reynolds number is minimum for given Hartmann number. The three curves represent the solutions with different boundary conditions. The solid line stands for vacuum conditions for both cylinders while the dashed line concerns perfect-conductor solutions. If the outer boundary condition concerns the vacuum and if within the inner cylinder there is a perfect conductor, then the dot-dashed line gives the wave numbers. As expected, the standard behavior can be observed; i.e., the wave number sinks for growing magnetic field so that the cells are elongated parallel to the magnetic field lines. The vertical extension of one cell follows from the relation 
͑for ϭ0.5). For perfect-conducting cylinders, however, the trend is opposite. For this case the vertical wave number k crit becomes very small for small Hartmann numbers. The reason is that a solution B ϰR Ϫ1 and B R ϭ0 exists which fulfills the boundary conditions ͑32͒ and Eqs. ͑16͒-͑25͒ for ϭkϭHaϭ0. This current-free solution, however, is always marginal so that it cannot be excited if it does not exist at the beginning. If one of the boundary conditions differs from Eq. ͑32͒, then this solution cannot exist and the wave numbers have their normal behavior as shown in Fig. 5 .
B. Negative shear
The Hall effect also modifies the critical Reynolds numbers for both hydrodynamically unstable flows ( Ͻ 2 ) and for magnetohydrodynamically unstable flow ( Ͻ1) resulting in a rather complex situation illustrated with Fig. 6 . The dashed line is the MRI without Hall effect and the dotted line is the shear-Hall instability with neglected flow perturbations, i.e., without MRI. It is insofar the counterpart to the lines in Fig. 2 . An instability is shown of the axial magnetic field as the result of a combination of shear and Hall effect. The combination of MRI and this shear-Hall instability is given as the solid line in Fig. 6 . A deep minimum of the Reynolds number is produced for weak magnetic fields,much deeper than the minimum resulting without Hall effect. On the other hand, for increasing Hartmann numbers the solid line has a very weak slope so that the magnetic-field dependence of the combined instability ͑'HMRI'͒ is rather weak as already shown by Wardle ͑ ͓13͔; see his Fig. 1c͒ . Again the Hall effect is important for only one orientation of the magnetic field.
IV. NONAXISYMMETRIC MODES
It is also important to probe the existence of nonaxisymmetric modes. After the Cowling theorem only nonaxisymmetric modes can be maintained by a dynamo process. We already have discussed the appearance of nonaxisymmetric modes for the magnetic Taylor-Couette flow with negative shear. The common result was that the lines of marginal stability for mϭ0 and mϭ1 have a very different behavior for different electrical boundary conditions ͓12͔. One finds crossovers of the stability lines for mϭ0 and mϭ1 for containers with conducting cylinder walls and one never finds such crossovers for containers with vacuum boundary conditions. The same happens here for the shear-Hall instability for magnetic Taylor-Couette flows with positive shear, i.e., Ͼ1. In Fig. 7 the lines for both axisymmetric and nonaxisymmetric modes are given for conducting boundary conditions and in Fig. 8 they are given for vacuum boundary conditions. The crossover of the lines only exists for conducting cylinder walls. As usual, in the minimum the mϭ0 mode dominates but for stronger magnetic fields the mode with mϭ1 dominates.
V. DISCUSSION
We have shown that the Hall effect destabilizes the magnetic Taylor-Couette flow so that for any value of the parameter a critical amplitude and one of the directions of the magnetic field exist for which the flow is unstable.
Taylor-Couette flows with Ͼ1, i.e., with positive shear d⍀/dR, are stable in both hydrodynamic and traditional MRI regimes. If, however, the Hall effect is included in the induction equation, then even such a flow becomes unstable under the influence of an axial magnetic field but only for one of the two possible orientations of the field. For vacuum boundary conditions and not too small magnetic fields there is only a rather weak dependence of the critical Reynolds number on the Hartmann number ͑see Fig. 3͒ .
The other magnetic orientation destabilizes all the flows with Ͻ1, i.e., with negative d⍀/dR ͑see Fig. 6͒ . The linearized induction equation ͑10͒ is invariant against the transformation
so that the simultaneous change of the signs of d⍀/dR and B 0 leads to the same instability. After the splitting of the induction equation into poloidal and toroidal components one finds the scheme
hence also the shear must be changed if the Hall effect is changed. If this is true, then the shear is necessary for the existence of an instability. The shear appears as the energy source of the instability. The magnetic field for an important influence of the Hall effect should be very high. The minimum value of the Reynolds number for both positive and negative shear exists for ␤ ϳ1. The corresponding value of the magnetic field is
The Hall coefficient ( 0 ␤ in our notation͒ for liquid metals is about 10 Ϫ10 m 3 /C, with ϳ10 Ϫ1 m 2 /s and with 0 ϭ4ϫ10 Ϫ7 for the magnetic field B 0 Ӎ10 7 G is yielded. This value is too high for the laboratory experiments.
We have another situation for astrophysical applications ͓13-16͔. In Table I the Hall coefficients and the magnetic diffusivities are given for various objects which are so cool or have so huge magnetic fields B obs that the Hall effect is suspected to be important.
The situation in protoplanetary accretion disks is presented in Fig. 9 where the numbers are taken from a model by Sano and Stone ͓15͔. The amplitude of the magnetic field comes from the condition that the magnetic Mach number equal 1. Above the lowest line the Hall effect dominates the Ohmic dissipation and v.v. One finds that indeed the magnetic field may be so strong that the Hall effect dominates the Ohmic dissipation. The critical magnetic field amplitude at Rϭ1 AU is about 0.1 G. Such high values can hardly be imagined as due to a magnetized central object. Polar field strengths of order ϳ10 5 G at the surface of a protosun are needed in order to produce 0.1 G at a distance of 1 AU.
Magnetic fields with amplitudes of 1 G at 1 AU should thus only be generated by the action of a ͑turbulent͒ dynamo. In this case, however, we cannot use the molecular conductivities to estimate the values of the parameters as it was done in ͓13-16͔. E.g., the turbulent magnetic diffusivity may increase by several orders of magnitude. No considerations of the effect of turbulence on the Hall diffusivity are known to us. This effect might be smaller than the influence on the magnetic diffusivity due to the linear dependence of the Hall diffusivity on the magnetic field. If it is so, then the role of the Hall effect for the weakly ionized protostellar accretion disks might easily be overestimated. 
